Introduction and Preliminaries
In 1940, Ulam for all x, y ∈ E, where and p are constants with > 0 and 0 ≤ p < 1. Then, the limit L x lim n → ∞ 1/2 n f 2 n x exists for all x ∈ E and L : E → E is the unique additive mapping which satisfies
for all x ∈ E. Also, if for each x ∈ E the function f tx is continuous in t ∈ R, then L is linear.
In 1990, Th. M. Rassias 5 during the 27th International Symposium on Functional Equations asked the question whether such a theorem can also be proved for p ≥ 1. In 1991, Gajda 6 gave an affirmative solution to this question for p > 1. It was shown by Gajda 6 , as well as by Th. M. Rassias andŠemrl 7 , that one cannot prove a Th. M. Rassias type theorem when p 1. Gȃvruţa 8 proved that the function f x x ln |x|, if x / 0 and f 0 0 satisfies 1.1 with
for any additive function A : R → R. J. M. Rassias 
for all x, y ∈ X. Then, there exists a unique additive mapping
for all x ∈ X. If, in addition, f : X → Y is a mapping such that the transformation t → f tx is continuous in t ∈ R for each fixed x ∈ X, then L is an R-linear mapping.
In the case p 1, we do not have stability 12 . In 1994, a further generalization of Th. M. Rassias' Theorem was obtained by Gȃvruţa 13 ,  for all x, y ∈ X. Let k be a positive integer k > 2. Then, there exists a unique linear mapping T :
for all x ∈ X, where
Th. M. Rassias Problem
What is the best possible value of k in Theorem 1. 
Theorem 1.4 see 45 . Let f : E → F be a mapping which satisfies the inequality
for all x, y ∈ E with x ⊥ y, where and p are constants with , p > 0 and either m > 1,
, and −1 / |m| p−1 < 1. Then, the limit lim n → ∞ m −2n f m n x exists for all x ∈ E and Q : E → F is the unique orthogonally Euler-Lagrange quadratic mapping such that
for all x ∈ E.
Note that the mixed "product-sum" function was introduced by J. M. Rassias in 2008-2009 46-48 .
We recall some basic facts concerning fuzzy normed space. Let X be a real linear space. A function N : X × R → 0, 1 so-called fuzzy subset is said to be a fuzzy norm on X if for all x, y ∈ X and all c, t ∈ R, The pair X, N is called a fuzzy normed linear space. The properties of fuzzy normed vector spaces and examples of fuzzy norms are given in 49-51 . Let X, N be a fuzzy normed space and let {x n } be a sequence in X. Then, {x n } is said to be convergent if there exists x ∈ X such that lim n → ∞ N x n − x, t 1 for all t > 0. In that case, x is called the limit of the sequence {x n } and we denote it by lim n → ∞ x n x.
A sequence {x n } in a fuzzy normed space X, N is called Cauchy if, for each > 0 and δ > 0, one can find some n 0 such that
It is known that every convergent sequence in a fuzzy normed space is Cauchy. If, in a fuzzy-normed space, each Cauchy sequence is convergent, then the fuzzy-norm is said to be complete and the fuzzy normed space is called a fuzzy Banach space.
Stability of Cauchy, Jensen, quadratic, and cubic function equation in fuzzy normed spaces have first been investigated in 50-53 . In this paper, we give a generalization of the results from 13 and pose two open problems in fuzzy Banach space. For convenience, we use the following abbreviation for a given mapping f: Df x, y : f x y − f x − f y .
1.13
Stability of the Cauchy Functional Equation
Hereafter, unless otherwise stated, we will assume that X is real vector space, Y, N is a complete fuzzy norm space and k is a fixed integer greater than 1. for all x, y ∈ X and all positive real number t. Then, there is a unique additive mapping
where M k x, t : min{N ϕ x, ix , t : 1 ≤ i < k}.
Proof. By induction on k, we show that
Abstract and Applied Analysis 5 for all x ∈ X and all positive real number t. Letting y x in 2.1 , we get
So we get 2.3 for k 2. Assume that 2.3 holds for k with k > 2. Letting y kx in 2.1 , we get
for all x ∈ X. By using 2.3 and 2.5 , we get 2.3 for k 1 and this completes the induction argument. Replacing x by k n x in 2.3 , we get
Thus
for all x ∈ X and all positive real number t. Hence,
2.8
Let > 0 and δ > 0 be given. Since lim t → ∞ M k x, t 1, there is some t 0 > 0 such that
for all x ∈ X and all nonnegative integers n and m with n > m ≥ n 0 . Therefore, the sequence { 1/k n f k n x } is a Cauchy sequence in Y, N for all x ∈ X. Since Y, N is complete, the 6 Abstract and Applied Analysis
for all x ∈ X. Now, we show that T k is an additive mapping. It follows from 2.1 and 2.10 that
for all x, y ∈ X and all positive real number t. Therefore, the mapping T k is additive. Moreover, if we put m 0 in 2.8 , we observe that
2.12
Therefore,
2.13
It follows from 2.13 , for large enough n, that
2.14
Now, we show that T k is unique. Let T be another additive mapping from X into Y , which satisfies the required inequality. Then, for each x ∈ X and t > 0, we have
2.16
Hence, the right-hand side of the above inequality tends to 1 as n → ∞. It follows that
Theorem 2.2. Let Z, N be a fuzzy normed space and, Φ : X × X → Z be a mapping such that
for all x, y ∈ X and all positive real number t. Then, there is a unique additive mapping
where
Proof. Similarly to the proof of Theorem 2.1, we have
for all x ∈ X and all positive real number t. Replacing x by x/k n 1 in 2.19 , we get
Thus,
Abstract and Applied Analysis for all x ∈ X and all positive real number t. Hence,
for all x ∈ X and all nonnegative integers n and m with n > m ≥ n 0 . Therefore, the sequence {k n f x/k n } is a Cauchy sequence in Y, N for all x ∈ X. Since Y, N is complete, the sequence {k n f x/k n } converges in Y for all x ∈ X. So one can define the mapping
for all x ∈ X. The rest of the proof is similar to the proof of Theorem 2.1 Theorem 2.3. Let X be a normed space, let Z, N be a fuzzy normed space, and let ψ : 0, ∞ → 0, ∞ be a function such that 1 ψ ts ψ t ψ s , 2 ψ t < t for all t > 1. Suppose that a mapping f : X → Y satisfies the inequality:
for all x, y ∈ X and all positive real number t, where z 0 is a fixed vector of Z. Then, there exists a unique additive mapping
for all x ∈ X, where σ k ψ max{1 ψ i : for all x ∈ X, where σ k ψ max 1 ψ i : 1 ≤ i < k .
2.33
Moreover, T k T 2 for all k ≥ 2.
Proof. Let 
